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In the degree-diameter problem, the only extremal graph the ex-
istence of which is still in doubt is the Moore graph of order 3250,
degree 57 and diameter 2. It has been known that such a graph can-
not be vertex-transitive. Also, certain restrictions on the structure
of the automorphism group of such a graph have been known in the
case when the order of the group is even. In this paper we further
investigate symmetries and structural properties of the missing
Moore (57, 2)-graph(s) with the help of a combination of spectral,
group-theoretic, combinatorial, and computational methods. One
of the consequences is that the order of the automorphism group
of such a graph is at most 375.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In graph theory there are a number of problems linking graphswith linear algebra and group theory.
A prominent example that has been around for ﬁve decades is the degree-diameter problem. We recall
that the degree of a vertex of a graph is the number of edges incidentwith the vertex,while the diameter
of a graph is the smallest k such that any two vertices in the graph are connected by a path of length
at most k. In its broadest formulation the degree-diameter problem is to ﬁnd, for any given positive
integers d and k, the largest order of a graph of maximum degree d and diameter k and classify the
corresponding extremal graphs. Research in this areawas initiatedby thepioneeringpaper byHoffman
and Singleton [9], prompted byMoorewho suggested the problem. By now the bibliography of related
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papers, including those addressing analogues of the problem for structures such as digraphs and ﬁnite
geometries, counts hundreds of papers. For history and details we refer to the relatively recent survey
paper by Miller and the second author [11]. In what follows we only summarize the facts essential for
our contribution.
A simple spanning tree argument [9] shows that the order of a graph of maximum degree d and
diameter k cannot exceed 1 + d + d(d − 1) + · · · + d(d − 1)k−1. This quantity is the Moore bound
and graphs of order equal to theMoore bound are known as theMoore (d, k)-graphs. If k = 1 theMoore
(d, k)-graphs are the complete graphs of order d + 1 for any d 1. The other trivial cases are d = 1
and d = 2 where the Moore graphs are the complete graph of order two and cycles of length 2k + 1
for any k 1. Existence of Moore (d, k)-graphs for d 2 and k 2 turned out to be a hard problem
that stimulates research until now. In [9] the authors proved that for k = 2, Moore (d, k)-graphs exist
only if k = 2 and d = 2, 3, 7, and possibly 57, and that there are no Moore (d, k)-graphs for k = 3. In
the ﬁrst three cases the Moore graphs are unique, namely, the 5-cycle, the Petersen graph, and the
Hoffman-Singleton graph. Non-existence of Moore (d, k)-graphs for k 4 was proved independently
by Bannai and Ito [2] and Damerell [5]. All these papers were based on an extensive use of methods of
linear algebra and spectral methods in particular.
It is striking that all the known Moore (d, k)-graphs turn out to be vertex-transitive; in fact, their
automorphism groups have rank 3. This has naturally led to investigation of symmetry properties of
the hypothetical (57, 2)-Moore graph(s). For brevity, let Γ be a Moore (57, 2)-graph and let G be its
automorphismgroup. The study ofGwas initiated byAschbacher [1] by proving thatG cannot be a rank
3 group. Later in a series of lectures for his graduate students, Graham Higman showed that Γ cannot
be vertex-transitive; see Cameron’s monograph [3] for an account of the proof. The same argument
shows that the order of G is not divisible by 4. This was taken further by Makhnev and Paduchikh [10]
by a closer investigation of the structure of G, assuming that G contains an involution. A consequence
of their investigation is the bound |G| 550 if G has even order.
The aim of this contribution is to further investigate possible symmetries (in conjunction with
other properties) of the Moore (57, 2)-graph(s) the existence of which is still in doubt. Using a blend
of spectral, group-theoretic, combinatorial, and computational methods we show that |G| can assume
only a very restricted set of values. In particular, we obtain the inequality |G| 375 with no restriction
on the parity of |G|.
The structure of the paper is as follows. The known properties of a Moore (57, 2)-graph Γ , with
emphasis on symmetries, are reviewed in Section 2. In Sections 3 and4wepresent a selection ofmatrix
methodsused in investigationof automorphismgroupsof graphs andproveanumberof general results
tailored to our needs. In the interest of clarity, Section 5 contains arithmetic restrictions on characters
and other related invariants of automorphisms of Γ . In Sections 6, 7 and 8 we derive upper bounds
on orders of Sylow p-subgroups of the automorphism group G of Γ for odd primes. Finally, using
solvability of G, in Section 9 we combine our results to determine possible orders of G. We conclude
the paper by a handful of remarks.
In our study we use a wide range of methods. Attempting to keep the length of the paper within
reasonable bounds we decided to omit deﬁnitions of some concepts that are considered generally
known. We refer the reader to the monographs of Curtis and Reiner [4] for character theory, Godsil
[8] for equitable partitions, Rotman [13] for general group theory, and Dixon and Mortimer [6] for
permutation groups.
Groups of small order appearing in our investigation are described in form of direct and semi-direct
products, except for groups of order 81 and 625 the description of which comes from the SmallGroup
library of GAP [7].
2. The missing Moore graph: State-of-the-art
Throughout the paper we let Γ denote a Moore (57, 2)-graph with adjacency matrix A. General
graph-theoretic termswill, inmost cases, be usedwith reference toΓ , and to Awhenever appropriate.
We begin with listing a selection of basic properties of Γ that can be extracted from [9].
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Proposition 1. The graph Γ has 3250 vertices and girth 5. Its adjacency matrix A satisﬁes the equation
A2 + A − 56I = J, where J is the all-one matrix. Consequently, its eigenvalues are 57, 7, and −8, with
multiplicities 1, 1729, and 1520, respectively.
AnyMoore graph of diameter 2 has girth 5 and therefore such graphs have the property that any two
vertices have 0 or exactly 1 common neighbor according as they are adjacent or not. That is, Moore graphs
of diameter 2 are exactly the strongly regular (0,1)-graphs. If the regularity condition is omitted, then,
apart from the trivial cases of an empty graph, an isolated vertex, or an isolated edge, the only other
graphs with the above property are the stars K1,n for n 2.
The startingpoint in the studyof automorphismsofMooregraphswas anobservationofAschbacher
[1] regarding ﬁxed-point subgraphs. For a group X of automorphisms of Γ let Fix(X) be the subgraph
induced by the set of all ﬁxed points of X .
Lemma 1. Let X be a group of automorphisms of Γ . Then, Fix(X) is empty, an isolated vertex, a pentagon,
the Petersen graph, the Hoffman-Singleton graph, or a star K1,n for some n 1.
Since Γ has diameter 2, the image vx of any vertex v under any automorphism x of Γ is either
v itself, or a neighbor of v, or else a vertex at distance two from v. The following three numerical
invariants related to this observation have turned out to be extremely useful. For = 0, 1, 2 let ai(x) =|{v ∈ Γ ; d(v, vx) = i}|whered stands for thedistance. Themain reasonof success of spectralmethods
in the study ofMoore graphs is, in fact, a close relation between the functions ai and spectral properties
of automorphisms of Γ , which we make explicit in Theorem 1.
Every permutation x of the vertex set of our Moore (57, 2)-graph Γ can be represented in the form
of a permutation matrix Px . As it is well known, x is an automorphism of Γ if and only if
PxA = APx , (1)
where A is the adjacency matrix of Γ . This induces a natural linear representation of G = Aut(Γ )
in the vector space generated by vertices of Γ , of dimension 3250, as well as on the eigenspaces
corresponding to the three eigenvalues of Γ . By the fundamental observation of Higman, characters
of these representations are closely related to combinatorial properties of automorphisms of Γ .
Theorem 1 (Higman; see [3]). Let Γ be a Moore (57, 2)-graph with the adjacency matrix A. Let V0, V1,
V2 be the eigenspaces of A for eigenvalues 57, 7, and −8, respectively. Let X be an automorphism group of
Γ and let χ0, χ1 and χ2 be characters of the restriction of X onto V0, V1 and V2, respectively. As before,
for x ∈ X let ai(x) = |{v ∈ Γ ; d(v, vx) = i}|, i = 0, 1, 2. Finally, let P =
(
1 1 1
57 7 −8
3192 −8 7
)
and Q =
1
3250
(
1 1 1
1729 637/3 −13/3
1520 −640/3 10/3
)
. Then, Q = P−1 and (χ0(x),χ1(x),χ2(x))T = Q(a0(x), a1(x), a2(x))T .
We recall that Higman demonstrated power of this theorem by showing that it implies that Γ
cannot be vertex-transitive; see [3]. We will make use of the following two consequences.
Lemma2 [3]. Let x bean involutoryautomorphismofΓ .Then,a0(x) = 56anda1(x) = 112.Consequently,
the order of Aut(Γ ) is not divisible by 4.
Lemma 3. For any x ∈ X we have
χ1(x) = 1
15
(8a0(x) + a1(x) − 65)
and therefore
a1(x) ≡ 7a0(x) + 5 mod 15.
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Proof. The ﬁrst statement follows from the fact that a0(x) + a1(x) + a2(x) = 3250. The congruence
is a consequence of the fact that the algebraic integer χ1(x) is, according to the ﬁrst statement, also a
rational number and therefore an integer. 
Makhnev and Paduchikh [10] investigated possible groups of automorphisms of Γ of even order
and obtained the following result.
Theorem2 [10, Theorem 1]. LetΓ be aMoore (57, 2)-graph and let G = Aut(Γ ). Assume that G contains
an involution t. Then the following statements hold:
(a) G = Y〈t〉 × X for some subgroups X and Y of odd order, Y is inverted by t, and either |Y | divides 5
or 57, or |Y | divides 21,
(b) if X /= 1, then Fix(X) can be one of the following: a star (Y = 1 and |X| = 7); a pentagon, in
which case |Y | divides 5 and |X| divides 55; the Petersen graph, in which case |Y | divides 3 and
|X| divides 27; and ﬁnally theHoffman-Singleton graph, inwhich case Y divides 5 or 7 and X divides
25.
The proof of this result is divided into a series of lemmas dealing with properties of involutory
automorphisms of Γ . The series is preceded with the following more speciﬁc version of Lemma 1, a
further extension of which is one of the cornerstones of our investigation.
Lemma 4. Let X be a group of automorphisms of Γ of odd prime order. Then, one of the following holds:
(1) Fix(X) is empty and |X| divides 13 · 5;
(2) Fix(X) is a singleton and |X| divides 3 · 19;
(3) Fix(X) is a star with |Fix(X)| = 2 + 7l and |X| divides 7;
(4) Fix(X) is a pentagon and |X| divides 11 · 5;
(5) Fix(X) is the Petersen graph and |X| divides 3;
(6) Fix(X) is the Hoffman-Singleton graph and |X| divides 5.
3. Equitable partitions
Equitable partitions are a useful tool in spectral analysis of graphs, see [8]. To the best of our
knowledge, this tool has not been used in connection with Moore (57, 2)-graph(s). Since we are only
interested in such graphs we will introduce the concepts related to equitable partitions just for this
special case.
Let Γ be a Moore (57, 2)-graph and let S = {S1, S2, . . . , Sk} be a partition of the vertex set of Γ .
We say that S is an equitable partition of Γ if there exist integers bij such that each vertex from Si has
exactly bij neighbors in Sj . We say that the matrix B = (bij)k×k is the adjacency matrix of S .
The most important but not the only instances of equitable partitions come from orbits of auto-
morphism groups. For example, a different kind of equitable partition of Γ is obtained by taking, for
any vertex v, the partition {{v},N(v),Γ \ (Nv ∪ {v})} whose adjacency matrix is
(
0 57 0
1 0 56
0 1 56
)
.
Spectral properties of the adjacencymatrix of an equitable partition of a graph in general are closely
related to the spectral properties of the adjacencymatrix of the graph. In our special case, the property
of being a Moore graph also manifests in the properties of the equitable partitions.
Lemma 5. LetS = {S1, S2, . . . , Sk} be an equitable partition of aMoore (57, 2) graphΓ such that |Si| = si
and let B = (bij) be the adjacency matrix of S. Then
(1) sibi,j = sjbj,i;
(2) 57 is an eigenvalue of B with an eigenvector (1, 1, . . . , 1)T ;
(3) the characteristic polynomial of B divides (x − 57)(x − 7)1729(x + 8)1520;
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(4) coefﬁcients bkij of B
k are numbers of k-walks from a vertex of Si into Sj;
(5) B2 + B − 56I = (1, 1, . . . , 1)T (s1, s2, . . . , sk).
Proof. Items 1–4 follow directly from the general theory, cf. [8], and item 5 can be derived from 4 in
a similar way as the equation A2 + A − 56I = J for the adjacency matrix A of Γ . 
Let X be an automorphism group of a Moore (57, 2)-graph Γ and let B = (bi,j) be the adjacency
matrix of the equitable partition formedby the orbits ofX . For brevitywewill say that B is the adjacency
matrix of X . Moreover, for any matrix invariant of B we will say that the invariant is a property of X .
That is, we will be speaking about the trace of X , eigenvalues of X , an so forth. Finally if Oi is the ith
orbit of X we will say that the number bi,i is the trace of Oi. In general, we deﬁne the trace of a set of
vertices S to be the average degree of the subgraph induced by S.
Let x be an element of X and let O be an orbit of X . We say that x contributes to O if for some vertex
v ∈ O the vertex vx is adjacent to v; in symbols, vx ∼ v.
Lemma 6. Let O be an orbit of X and let x ∈ X contribute to O. Then
(1) x−1 contributes to O;
(2) if |X| is odd, then Tr(X) is even;
(3) if x is central in X , then Tr(O) 2;
(4) Tr(O)2 < |O|.
Proof. The ﬁrst item is trivial and the second follows from the ﬁrst. The third assertion follows from
the fact thatΓ has girth 5. Finally, for the last statement, letO be the ith orbit of X . By Lemma 5we have
|O| = Tr(O)2 + Tr(O) +∑j /= i bi,jbj,i − 56 Tr(O)2 + Tr(O) +∑j /= i bi,j − 56 = Tr(O)2 + 1. 
We omit the proof of the next straightforward observation.
Lemma 7. If x ∈ X is central and contributing to O, then |{v ∈ O; vx ∼ v}| = |O|.
Aswe have indicated, Moore graphs exhibit surprising relations between their seemingly indepen-
dent invariants. The following two lemmas are another illustration of this feature.
Lemma 8. Let X have k orbits on Γ . Then
Tr(X) ≡ −8(k − 10) mod 15.
Proof. By Lemma 5 the eigenvalues of X are 57, 7, and −8, with 57 of multiplicity exactly one. If the
multiplicity of 7 is one and−8 appears withmultiplicity k − 2, then the trace of X is 64 − 8(k − 2) =
−8(k − 10). Any replacement of −8 by 7 changes the trace by 15. 
Lemma 9. (1) Let O be an orbit of X and let v ∈ O. Then Tr(O) = |{x ∈ X; v ∼ vx}||O|/|X|.
(2) |X|Tr(X) = |{(x, v) ∈ X × Γ ; v ∼ vx}| = ∑x∈X a1(x).
Proof. Let v be an element of O. By deﬁnition, Tr(O) is the number of neighbors of v in O. Any such
neighbor is of the from vx for Xv = |X|/|O| elements of X . This proves the ﬁrst statement; the second
one is a direct consequence of the ﬁrst. 
A further illustration of the power of spectral methods are the following estimates.
Lemma 10. For any S ⊆ V(Γ ) we have
−8 + |S|
50
 Tr(S) 7 + |S|
65
.
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Proof. By [12, Lemma 4.1] we have
(57 − 7) |S|(3250 − |S|)
3250
 e(S,Γ \ S)(57 + 8) |S|(3250 − |S|)
3250
,
where e(U, V) is the number of edges between the sets U and V . The result now follows from the fact
that e(S,Γ \ S) = |S|(57 − Tr(S)). 
Corollary 1. For any x ∈ X we have a1(x) 500.
Proof. Let S = {v ∈ Γ ; v ∼ vx}. Clearly a1(x) = |S|. If for some u, v ∈ S we have vx /= u ∼ v /= ux ,
then we have in Γ a quadrangle u ∼ v ∼ vx ∼ ux ∼ u. Therefore Tr(S) 2 and a1(x) = |S| 50(8 +
2) = 500. 
4. Characters
Because of the fact that Γ has integral eigenvalues, all its eigenspaces have bases over the ﬁeld of
rational numbers. Linear representations of Γ over these eigenspaces are therefore rational represen-
tations. Although the ﬁeld of rational numbers is not algebraically closed, thanks to the fact that its
characteristic is zero one stillmay useMaschke’s Theorem (see [4]) on decompositions into irreducible
rational representations. We would like to emphasize that by irreducible rational representations we
mean rational representations irreducible over the ﬁeld of rational numbers.
Besides Maschke’s Theorem we will be using the following properties. Let us recall that two ele-
ments x, y of a group H will be said to belong to the same rational class of H if and only if the cyclic
groups 〈x〉 and 〈y〉 are conjugate subgroups of H.
Theorem 3 [4]. Let H be a ﬁnite group. Then, any rational representation of H is constant on all rational
classes of H and the number of irreducible rational representations of H is equal to the number of rational
classes of H.
Proposition 2. Let H be a ﬁnite group and let x1, x2, . . . , xu be representatives of rational classes of H. Let
R1, R2, . . . , Ru be irreducible Q-representations of X with characters r1, r2, . . . , ru. Then, for any rational
representation R of H with character χ the system of linear equation with the matrix
⎛
⎜⎜⎜⎝
r1(x1) r2(x1) . . . ru(x1) | χ(x1)
r1(x2) r2(x2) . . . ru(x2) | χ(x2)
...
...
...
... | ...
r1(xu) r2(xu) . . . ru(xu) | χ(xu)
⎞
⎟⎟⎟⎠
has a solution in non-negative integers.
Proof. It is sufﬁcient to realize that if a decomposition of R into irreducible rational representations
contains ni copies Ri for 1 i u, then χ = n1r1 + n2r2 + · · · + nuru. 
Combining Theorems 3 and 1 we immediately obtain:
Lemma 11. Let X be an automorphism group of a Moore (57, 2)-graph Γ . Then, the functions a0, a1, and
a2 are constant on rational classes of X.
Proof. It is sufﬁcient to observe that the values ai(x) are linear combinations of χj(x), which are
characters of rational representations of X . 
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In the next section we will apply Proposition 2 to the representation of X with the character χ1
from Theorem 1 to specify values of the function a1.
We conclude with an interesting observation. By Proposition 2, decomposition of a rational repre-
sentation into irreducibles is determined by its character. The decomposition of the representation ofX
on Γ is determined by the function a0. This means that if one knows all permutation representations
of X together with their decompositions, then the values of a0 impose stronger restrictions on the
structure of orbits of X on Γ than the ones impled by the orbit counting lemma. Although we did not
use this observation in our paper, we believe that it can be helpful in further research.
5. Tables
In previous sections we derived algebraic tools for obtaining restrictions on values of a0, a1 and
a2. In this section we will apply the tools for cyclic groups. There are two reasons for this restriction.
Firstly, results for cyclic groups are sufﬁcient for our purposes. Secondly, non-commuting elements
inﬂuence each other to a much smaller extent than commuting ones, as one can observe already on
non-Abelian groups of order pq.
Lemma 12. Let x be an automorphism of aMoore (57, 2)-graphΓ of prime order p. Then, the values a1(x)
and χ1(x) satisfy:
a0(x) p a1(x) χ1(x)
0 5 50 + 75k 500 −1 + 5k
0 13 65 + 195k 500 13k
1∗ 3 27 + 45k = 0
1 19 57 + 285k 500 19k
5 5 10 + 75k 500 −1 + 5k
5 11 55 + 165k 500 2 + 11k
10 3 0 1
50 5 25 + 75k 350 24 + 5k
56 2 112 33
2 7 49 + 105k 500 7k
9 7 98 + 105k 500 7 + 7k
16 7 42 + 105k 500 7 + 7k
23 7 91 + 105k 500 14 + 7k
30 7 35 + 105k 500 14 + 7k
37 7 84 + 105k 392 21 + 7k
44 7 28 + 105k 260 21 + 7k
51 7 77 28
58∗ 7 21 + 105k 0
In particular, the starred cases p = 3, a0(x) = 1 and p = 7, a0 = 58 cannot occur.
Proof. By Lemma 3 and Theorem 1, we have a1(x) = 7a0(x) + 5 + 15l for some l ∈ Z and χ1(x) =−4 + a0(x) + l. By Proposition 2 applied to the cyclic group 〈x〉, the parameter lmust be such that the
system
(
1 p − 1 | 1729
1 −1 | χ1(x)
)
hasa solution innon-negative integers.Values in the tablearepresented
in such a way that k is non-negative. The general bound a1(x) ≤ 500 follows from Corollary 1.
The value of a1(x) for p = 2 is taken from [3]. If p = 3 and a1(x) > 0 then Γ would contain a
triangle, a contradiction. If p = 7 and a0(x) = 2 + 7m, then there are only 56 ∗ (8 − m) orbits of size
7 not connected with Fix(x) and x can contribute to at most one third of them. The arguments are
similar for the cases p = 19, a0(x) = 1, and p = 5, a0(x) = 50. 
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Lemma 13. Let x be an automorphism of Γ of order p2 where p = 3 or p = 5. Then, the values a1(x),
a1(x
p), and Tr(〈x〉) satisfy:
p a0(x) a0(x
p) a1(x) a1(x
p) Tr(〈x〉)
5 0 0 50 + 75k 125 + 375l 60 + 60k + 60l 260
5 0 50 50 + 75k 100 56 + 60k 276
5 5 50 10 + 75k 100 24 + 60k 244
5 50 50 25 + 75k 100 36 + 60k 56
3 1 10 27 + 45k 0 18 + 30k
3 10 10 45k 0 30k
Proof. By Lemma 3 and Theorem 1we have a1(x) = 7a0(x) + 5 + 15l′ andχ1(x) = −4 + a0(x) + l′
for some l′ ∈ Z. By Proposition 2 applied to the cyclic group 〈x〉, the system(
1 p − 1 p2 − p | 1729
1 p − 1 −p | χ1(xp)
1 −1 0 | χ1(x)
)
hasa solution innon-negative integers. Solving the systemweobtain
the table:
p a0(x) a0(x
p) a1(x) a1(x
p) χ1(x) χ1(x
p) Tr(〈x〉)
5 0 0 50 + 75k 125 + 375l −1 + 5k 4 + 25l 60 + 60k + 60l
5∗ 0 5 50 + 75k 85 + 375l −1 + 5k 4 + 25l 33, 6 + 60k + 60l
5 0 50 50 + 75k 100 + 375l −1 + 5k 29 + 25l 56 + 60k + 60l
5∗ 5 5 10 + 75k 85 + 375l −1 + 5k 4 + 25l 21, 6 + 60k + 60l
5 5 50 10 + 75k 100 + 375l −1 + 5k 29 + 25l 24 + 60k + 60l
5 50 50 25 + 75k 100 + 375l 24 + 5k 29 + 25l 36 + 60k + 60l
3 1 10 27 + 45k 0 −2 + 3k 1 18 + 30k
3 10 10 45k 0 1 + 3k 1 30k
The lines marked by a star require non-integral traces and therefore cannot occur.
If |Fix(〈x5〉)| = 50, then 2500 vertices are adjacent to Fix(〈xp〉) and therefore a1(x5) 700/2.
Finally, every orbit of size 25 adjacent to Fix(〈x〉) has trace equal 0, which implies the upper bound
on Tr(〈x〉). 
Remark. Later in Proposition 3 we will show that the case a0(x) = 50 cannot occur.
Lemma 14. Let X = P × Q be an automorphism group of Γ such that P (Q) acts semi-regularly on
Γ \ Fix(P) (Γ \ Fix(Q)) and (|P|, |Q |) = 1. Then, for any central element x ∈ X ,
a1(x) ≡ b1(x) mod |X|, (2)
whereb1(x) = |{v ∈ Fix(P) ∪ Fix(Q); v ∼ vx}|.Moreover, if x = xPxQ for xP ∈ P,xQ ∈ Q , thenb1(x) =
b1(xP) + b1(xQ ).
Proof. As X acts semi-regularly on Γ \ (Fix(P) ∪ Fix(Q)), the congruence (2) follows from Lemma 6.
Since the kernel of the action ofX on Fix(P) (Fix(Q)) is exactly P (Q ),wehave b1(x) = b1(xP) + b1(xQ ).

Lemma 15. Let x be an automorphism ofΓ of order pq,where p q are primes. Assume that the values pq,
a0(x), a0(x
p), and a0(x
q) are as in the ﬁrst four columns of the table below. Then the values a1(x), a1(x
p),
a1(x
q), and Tr(〈x〉) satisfy:
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pq a0(x) a0(x
p) a0(x
q) a1(x) a1(x
p) a1(x
q)Tr(〈x〉)
6 2 10 56 4 + 90k 0 112 20 + 30k
10 1 5 56 102 + 150k 10 + 150l 112 56 + 60k + 60l
10 6 50 56 62 + 150k 100 + 150l 112 76 + 60k + 60l
14 7 9 56 84 + 210k 98 + 210l 112 86 + 90k + 90l 400
14 14 16 56 28 + 210k 42 + 210l 112 38 + 90k + 90l 344
14 21 23 56 182 + 210k 196 + 210l 112 170 + 90k + 90l 288
14 28 30 56 126 + 210k 140 + 210l 112 122 + 90k + 90l 232
14 35 37 56 70 + 210k 84 + 210l 112 74 + 90k + 90l 176
14 42 44 56 14 + 210k 28 + 210l 112 26 + 90k + 90l 120
14∗ 49 51 182
22 1 5 56 222 220 112 206
15 0 0 10 5 + 75k + 225m 50 + 75k 0 16 + 60k + 120m
35 1 16 50 42 + 105k 147 + 105k 175 74 + 90k 186
35∗ 1 51 50 252 77 175 206 186
55 5 5 5 55 55 385 78
65∗ 0 0 0 650
Moreover, the cases marked by a star cannot occur.
Proof. We need to solve the system
⎛
⎜⎝
1 p − 1 q − 1 (p − 1)(q − 1) | 1729
1 −1 q − 1 1 − q | χ1(xq)
1 p − 1 −1 1 − p | χ1(xp)
1 −1 −1 1 | χ1(x)
⎞
⎟⎠ in non-negative
integers. Existence of an integral solution is equivalent to the conditions
p|χ1(xp) − χ1(x), (3)
q|χ1(xq) − χ1(x), (4)
pq|1729 − χ1(xp) − χ1(xq) + χ1(x). (5)
After solving the system with the help of Lemmas 12 and 14 and applying the arguments used in
the proof of Lemmas 12 and 13 we obtain the table. Upper bounds on traces follows from facts that
every orbit in Abelian group has trace at most 2 and that every orbit connected to Fix(〈x〉) has trace
equal to 0.
As an illustration we show details for the case pq = 35, a1(x) = 1, a1(x5) = 16 and a1(x7) = 50.
Fromtheproperties of the automorphismgroupof theHoffman-Singletongraphweobtain b1(x
5) = 7,
b1(x
7) = 0 and b1(x) = 7. Further, Lemmas 12 and 14 yield a1(x5) = 42 + 105l, χ1(x5) = 7 + 7l,
a1(x
7) = 175, and χ1(x7) = 34. Similarly a1(x) = 42 + 105k and χ1(x) = −1 + 7k. Moreover, the
condition (3) implies l = 1 + k + 5m, that is, a1(x5) = 147 + 105k + 525m (observe that the only
solution withm /= 0 is k = 4 andm = −1).
The group X = 〈x〉 has on the subgraph Fix(〈x5〉) ∪ Fix(〈x7〉) one orbit of size 1, 3 orbits of size
5 and 6 orbits of size 7. Out of these orbits exactly three, of size 7 each, have trace equal to 2 while
the others have trace equal to 0. The remaining points of Γ form 91 orbits of size 35, one of which is
adjacent to Fix(X). Therefore Tr(X) 6 + 90 ∗ 2 = 186, which impliesm = 0 and k 1. 
6. p-Groups of automorphisms
In their proof of Lemma4,Makhnev and Paduchikh exploited the observation that non-trivial orbits
of an automorphism of a prime order p have length p and their argument is based on counting orbits
around a suitably chosen ﬁxed vertex. Realizing that the size of a non-trivial orbit of some p-group is a
power of p, one can not only extend Lemma 4 to p-groups but also derive an upper bound on the size
of a p-group with a given set of ﬁxed points. Our ﬁndings are divided into four statements. Since the
proof techniques are repetitious we only include a proof for Lemma 18.
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Lemma 16. Let X be a group of automorphisms of Γ such that X is a p-group for some odd prime p. Then,
one of the following holds:
(1) Fix(X) is empty and p ∈ {5, 13};
(2) Fix(X) is a singleton and p ∈ {3, 19};
(3) Fix(X) is a star with |Fix(X)| = 2 + 7l and p = 7;
(4) Fix(X) is a pentagon and p ∈ {5, 11};
(5) Fix(X) is the Petersen graph and p = 3;
(6) Fix(X) is the Hoffman-Singleton graph and p = 5.
Lemma 17. Let X be a an automorphism group of Γ of order 3k. Then one of the following holds:
(1) Fix(X) is the Petersen graph and |X| divides 27;
(2) Fix(X) is a singleton and |X| divides 81.
For any vertex v of Γ we let N(v) denote the set of the 57 neighbors of v.
Lemma 18. Let X be a group of automorphisms Γ such that |X| is a 5-group. Then one of the following
holds:
(1) Fix(X) is the Hoffman-Singleton graph and |X| divides 25;
(2) Fix(X) is a pentagon and |X| divides 125;
(3) Fix(X) is empty and |X| divides 56.
Proof. (1) Let a ∈ Fix(X). If there was an orbit O in N(a) \ Fix(X) such that |O| < |X|, then for any
element o ∈ O the point stabilizer Xo of o would be a proper subgroup of X with |Fix(Xo)| > 50, a
contradiction. Therefore, X act semi-regularly on N(a) \ Fix(X) and |X| divides |N(a) \ Fix(X)| = 50.
(2) Let a ∈ Fix(X). Since |N(a) \ Fix(X)| = 55, the group X has on N(a) \ Fix(X) an orbit O of size
5. Let Y be a point stabilizer in this orbit. If Y /= X , then Fix(Y) is the Hoffman-Singleton graph and
by (1) we have |Y | 25 and |X| = 5|Y | 125.
(3) As 3250 ≡ 125 mod 625, the smallest orbit of X on Γ has size at most 125. Let Y be a point
stabilizer in this orbit. If Y /= X , then Fix(Y) is a pentagon or the Hoffman-Singleton graph and by (1)
or (2) we have |Y | 125 and |X| = 125|Y | 56. 
Lemma 19. Let p > 5 be a prime and let X be a group of automorphisms of Γ of order pk. Then one of the
following holds:
(1) Fix(X) = ∅ and X ∼=Z13;
(2) Fix(X) is a singleton and X ∼=Z19;
(3) Fix(X) is a pentagon and X ∼=Z11;
(4) Fix(X) is a star on 2 + 7l vertices and X ∼=Z7;
(5) Fix(X) is an edge and X ∼=Z7 × Z7.
With the help of further trickery, in the next section we will push down the bound on the order of
a 3-group X acting on Γ from Lemma 17 in the case when Fix(X) is a singleton. Likewise, in Section 8
we will decrease the upper bound on orders of 5-groups acting on Γ for any possible ﬁxed subgraphs.
Theorem 4. Let X be a group of automorphisms of Γ of order 3k. Then, k 3.
Theorem 5. Let X be a group of automorphisms ofΓ of order a power of 5. Then one of the following holds:
(1) Fix(X) is the Hoffman-Singleton graph and |X| divides 5;
(2) Fix(X) is a pentagon and |X| divides 25;
(3) Fix(X) is empty and |X| divides 125.
The proofswill require extension of ourmethods by considering a fewgeneral tools regarding group
actions on sets.
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Let O be an orbit of an action of a group X on a set and let Xo be a stabilizer of an element o ∈ O.
Then, the stabilizers of all points in O are precisely the conjugates of Xo in X . In this notation we have
an observation a proof of which is left to the reader:
Lemma 20. In the above notation, let Conj(Xo) be the number of conjugates of Xo in X. Then,|Fix(Xo) ∩ O| · Conj(Xo) = |O|.
Recall that the core Core(Xo) of Xo in X is the intersection of all the conjugates of Xo in X . Since
Core(Xo) is independent of the choice of o ∈ O, wewill denote this subgroup by Core(O) and call it the
core of O.
7. Proof of Theorem 4
By Lemma 17 it is sufﬁcient to deal with the case Fix(X) = {a}. We begin with a slightly more
general auxiliary result.
Lemma 21. Let Γ admit a 3-group X of automorphisms with Fix(X) = {a} and let x be a non-trivial
element of X. Then,
(1) if X has (at least) two orbits of size 3 on N(a), then |X| = 9, and
(2) if X has an orbit of size 9 on N(a), then |X| 27.
Proof. (1) Let O1, O2 be two orbit of size 3 on N(a), let o1 ∈ O1, o2 ∈ O2, and let X1 and X2 be vertex
stabilizers of o1 and o2 in X , respectively. Then, X1 and X2 are normal subgroups of index 3 in X and
their intersection is a normal subgroup of index 9 in X . Moreover, every element of X1 ∩ X2 ﬁxes at
least 6 elements in N(a). Therefore |X1 ∩ X2| = 1 and |X| = 9.
(2) Let |X| > 9, let O be an orbit of size 9 in N(a), let o ∈ O and let o′ ∈ O \ Fix(o). Denote by
Xoo′ the vertex stabilizer of o′ in Xo. Then, similarly to the case (1)), |Xoo′ | = 1 and |X| = [X : Xoo′ ] =
|O| · |o′Xo | = 9 · 3 = 27. 
Corollary 2. If |X| = 81, then X is isomorphic to the group SmallGroup(81, 9) of the GAP library.
Proof. If |X| = 81, then X acts on N(a) with two orbits of size 27 and one orbit of size 3. Conjugacy
classes of vertex stabilizers in orbits of size 27 are distinct and, by Lemma 20, each has 9 elements.
Examining the lattices of subgroups of groups of order 81 with the help of GAP one can check that
X = SmallGroup(81, 9) is the only group with at least two such conjugacy classes. 
We are now in position to prove Theorem 4 stated in section 6 on the upper bound 27 for the order
of a 3-group acting on Γ .
Proof of Theorem 4. The arguments are a combination of the previous observations with compu-
tational results facilitated by GAP. Letting X = SmallGroup(81, 9), one ﬁnds that X has ﬁve conjugacy
classes of subgroups of order three, of sizes 1, 3, 9, 9 and9. The two classes of size 9 are vertex stabilizers
in orbits of size 27 while the remaining elements of order 3 together with the identity element form a
subgroup of order 27. As every element of order 3 in X ﬁxes the Petersen graph, this group of order 27
is the vertex stabilizer in orbits of size 3. Consequently, X has 48 orbits in total, one of size 1, three of
size 3, six of size 27 and the remaining 38 orbits have size 81. By Lemma 8 we have Tr(X) = 26 + 30l.
Cyclic subgroups of order 9 form a single conjugacy class of X of size 3. Therefore, the function a1
is constant on elements of order 9, and, by Lemma 9, for any x of order 9 we have 81Tr(X) = 18a1(x),
that is, a1(x) = 117 + 135l.
Any coset of an orbit stabilizer which contains an element of order 9 also contains an element of
order 3. Elements of order 9 therefore contribute only to orbits of size 81.
All elements of order 9 in X lie in the common subgroup Y of X , isomorphic toZ9 × Z3. Every orbit
of X of size 81 splits into three orbits of Y of size 27, therefore by Lemma 7, a1(x) is a multiple of 27 –
a contradiction. 
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8. Proof of Theorem 5
We begin with auxiliary results some of which are of independent interest.
Proposition 3. Let X be a group of automorphisms of a Moore (57, 2)-graph Γ of order a power of 5.
If Fix(X) is the Hoffman-Singleton graph, then |X| 5.
Proof. Let us assume that |X| = 25. The semi-regular action of X on Γ \ Fix(X) gives 50 orbits of size
1 and 128 orbits of size 25. In the neighborhood of any ﬁxed point of X there are exactly two orbits
of size 25 and both have trace equal to 0. As X is Abelian and has odd order, each of the remaining 28
orbits of size 25 has trace equal to 0 or 2. The trace of X therefore does not exceed 56. Moreover, the
trace is even and congruent to −8 · 168 ≡ 6 mod 15. It follows that at least one of these 28 orbits has
trace equal to 0.
Let us order the orbits of X in such a way that O1, . . . ,O50 are the ﬁxed points of X , points in O50+i
and O100+i lie in the neighborhood of Oi (i = 1, 2, . . . , 50), and let O178 be an orbit with zero trace. Let
B = (bi,j) be the adjacency matrix of X . By Lemma 5, B satisﬁes the equality
B2 + B − 56I = (1, 1, . . . , 1)T (s1, s2, . . . , sk). (6)
We will analyze the way the entry in the bottom right corner in the matrix on the right-hand side of
this equality is obtained.
We beginwith looking at the entries b178,j . SinceO178 is not connected to Fix(X), we have b178,i = 0
for 1 i 50. Let i be a vertex of Fix(X), 1 i 50. Since Γ is a Moore graph, every vertex in O178 is
adjacent to precisely one vertex inO50+i ∪ O100+i. Thismeans that b178,50+i + b178,100+i = 1 for every
i = 1, 2, . . . , 50. As every vertex in O178 has degree 57 and b178,178 = 0, we have
177∑
i=151
b178,i = 7. (7)
By semi-regularity of the action of X on Γ \ Fix(X) it further follows that b178,j = bj,178. Substituting
all this information into (6) yields
177∑
i=151
b2178,i = 31. (8)
Eqs. (7) and (8), have, however, no simultaneous solution in non-negative integers. 
This proves part (1) of Theorem 5. Part (2) follows from (1) in much the same way as in Lemma
18. The third part will be proved by demonstrating non-existence of a group of order 625. Details of
the proof depend on the size of the smallest orbit. Note that part (2) of Theorem 5 implies that the
smallest orbit size cannot be equal to 5.
Lemma 22. If X is a group of automorphisms of Γ of order 625 and with the smallest orbit size 25, then X
is isomorphic to SmallGroup(625, 12) of the GAP library.
Proof. Let O be an orbit of X of size 25 and let Xo be the vertex stabilizer of a vertex o ∈ O. Then|Xo| = 25 and, by Proposition 3, |Fix(Xo)| = 5. Therefore Fix(Xo) ⊆ O, Xo has ﬁve conjugates in X and
O is unique orbit with stabilizer Xo. In particular X is not Abelian.
Let p ∈ O \ Fix(Xo). Then |Xop| = 5, therefore Fix(Xop) is a copy of the Hoffman-Singleton graph
and O ⊂ Xop. The remaining points of Fix(Xop) either form another orbit of size 25, or there exists an
orbit of size 125 such that Xop is a stabilizer of a vertex in this orbit.
If Core(O) = Xop, then Xop is normal in X and cannot be the vertex stabilizer of an orbit of size 125.
Therefore there exists a unique orbit O′ /= Owith Core(O′) = Core(O) = Xop.
There are 10 non-Abelian groups of order 625, their indexes in the SmallGroup library being
3, 4, 6, 7, 8, 9, 10, 12, 13, 14. Groups 6 and 14 are excluded since they have only normal subgroups of
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order 25. In groups 3, 4, 9, 10, 12, 14 all non-normal subgroups of order 25 have core of size 5. The
number of cores must be amultiple of 5, which is true only for the groups 3 and 12, in both cases there
are ﬁve cores. However in the group 3 one core lies in six classes of groups and remaining four cores
lies in 1 class each, whereas we need every core to lie in two conjugacy classes of groups of order 25
(which holds in the group 12).
It remains to exclude groups 7 and 8. In these groups there are six conjugacy classes of subgroups
of order 25 with core of size 5; moreover, here the core is always the centre of the group. There are
also ﬁve classes with trivial core. Therefore there are exactly ﬁve orbits of size 25 and the number of
orbits with a non-trivial core is either 0 or 2.
In both cases the centre has order 5 and the Frattini subgroup is elementary Abelian of order 25
and contains the centre. If f is a non-central element from the Frattini subgroup, then every conjugacy
class of subgroups of order 25 with trivial core has a subgroup containing f , and f has ﬁve conjugates
in X .
It follows that in every orbit O of size 25 with a trivial core there exists an element o ﬁxed by f
and |Fix(〈f 〉) ∩ O| = 5. If f generates the stabilizer of a vertex in an orbit of size 125, then it ﬁxes
25 elements of this orbit. Hence the possibility that X has exactly three orbits of size 5 with a trivial
core cannot occur. Thus, there are ﬁve orbits of size 25, and all stabilizers have trivial core (and are
distinct).
Let O be an orbit of size 25 with a trivial core. The conjugacy classes of subgroups consisting of
stabilizers of vertices from O comprise ﬁve groups any two of which intersect non-trivially while any
three have trivial intersection. This implies that for any pair of points o, p ∈ O such that p /∈ Xo, the
subgroup Xop ﬁxes a Hoffman-Singleton graph and Fix(Xop) contains exactly 10 elements of O. As Xop
has ﬁve conjugates inX , it cannot be the vertex stabilizer of an orbit of size 125 (itwould ﬁx 25 points of
this orbit and the equation 50 = 25a + 10b has no solutions inN). Therefore Xop ﬁxes 10 points from
every orbit of size 25. Consequently, the system of subgroups Xop, which is the system of intersections
of pairs of vertex stabilizers of elements inO, do not depend on the choice ofO. However, computations
in GAP shows that this is not the case. 
Proposition 4. The group SmallGroup(625, 12) cannot act as an automorphism group of a Moore (57, 2)-
graph Γ with the smallest orbit of size 25.
Proof. Let us assume that X = SmallGroup(625, 12) acts as an automorphism group of Γ with the
smallest orbit of size 25.
First we sum up some fact about the group X , which has in GAP a polycyclic presentation in four
generators f1, f2, f3 and f4. In this presentation, the centre of X is generated by f3 and f4 and the Frattini
subgroup of X is generated by f4. Every nonidentity element has order 5 and every non-central element
has ﬁve conjugates. Consequently, any vertex stabilizer of an orbit of size 125 must ﬁx 25 elements in
this orbit and 50 elements in total.
Thereare30conjugacyclassesofnon-normal subgroupsoforder25.Onecanchoose representatives
in such a way that each representative is generated by a pair u and v of elements where u ∈ U ={
f1, f2, f1f2, f
2
1 f2, f
3
1 f2, f
4
1 f2
}
and v ∈ V
{
f3, f3f4, f3f
2
4 , f3f
3
4 , f3f
4
4
}
. In all cases the core is generated by v.
Therefore we have 10 orbits of size 25 and, for every v ∈ V , two orbits have core generated by v. By
the pigeonhole principle at least one point of U lies in at least two representatives.
If some element u ∈ U lies in two representatives, then it ﬁxes 50 elements, ﬁve in each orbit of
size 25 and 25 in each orbit of size 125 in which it ﬁxes a point. Therefore u lies in ﬁve representatives
and also ﬁxes a point in exactly one orbit of size 125. The conjugates of u are
{
u, uf4, uf
2
4 , uf
3
4 , uf
4
4
}
,
therefore the elements uf3, uf
2
3 , uf
3
3 , uf
4
3 have the same property as u, i.e., they ﬁx a point in ﬁve orbits
of size 25 and in one orbit of size 125. Thus X has at least ﬁve orbits of size 125.
Let O1 be the orbit of size 125 inwhich u ﬁxes some point and let Oj be a different orbit. If |Oj| = 25
anduﬁxes somepoint inOj then b1j = 1, otherwise b1j = 0. If |Oj| 125, thenuﬁxes nopoint inOj and
5|b1j . Moreover ∑j b1jbj1 + b11 − 56 = 125 and ∑j b1j = 57. Computations in GAP show, however,
that such entries b1j do not exist. 
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Lemma 23. Let X be an automorphism group of Γ of order 625 with the smallest orbit of size 125. Then
X contains a subgroup Y of order 5which is a vertex stabilizer in at least one and at most two orbits of size
125.
Proof. Let O be an 125-element orbit of X and Y be the vertex stabilizer of a vertex o ∈ O. The pair
(|Fix(Y)|, |Fix(Y) ∩ O|) is one of (5, 5), (50, 5), (50, 25). Depending on (|Fix(Y)|, |Fix(Y) ∩ O|), Y is a
vertex stabilizer of exactly 1, 10, and 2 orbits, respectively. The statement now follows from the fact
that the number of orbits of size 125 is congruent to 1 mod 5. 
Lemma 24. Let X have order 625 and let the smallest orbit of X have size 125. Then X has at least two
orbits of size 125.
Proof. Let x ∈ X be a central element of order 5. By Lemma 12, a1(x) > 0. Therefore x contributes to
at least one orbit O. Since x is central, Lemma 7 shows that |O| ≤ a1(x), and a(x) ≤ 500 by Corollary
1. The orbit O therefore cannot have size greater than 500. Moreover, x and x2 contribute to different
orbits. 
Proposition 5. The graphΓ does not admit a group of automorphisms of order 625with the smallest orbit
size 125.
Proof. Let us assume that |X| = 625 and that X has a total of k orbits numbered in such a way that
orbitsO1,O2, . . . ,Oi have size 625,Oi+1, . . . ,Ok have size 125, andOk is an orbitwhose vertex stabilizer
Y ﬁxes elements from at most two orbits; its existence is guaranteed by Lemma 23).
Let bk1, bk2, . . . , bkk be the kth row of the adjacency matrix B of X . Since each of the ﬁrst i orbits
has size 625 we have 125bkj = 625bjk for 1 j i. If Oj is an orbit of size 125 such that Y does not ﬁx
a vertex in Oj and if o ∈ Ok is ﬁxed by Y , then Y acts semi-regularly on the neighbors of o in the orbit
Oj , that is, bkj is a multiple of 5. Hence, 5 divides all the entries bk1, bk2, . . . , bki and all but at most
one entries among bkj where i + 1 ≤ j ≤ k − 1. Considering the bottom right entry in the equation
B2 + B − 56I = (1, 1, . . . , 1)T (s1, s2, . . . , sk) from Lemma 5 we obtain(
b2k1 + . . . + b2ki
)
/5 +
(
b2k,i+1 + · · · + b2kk
)
+ bkk = 181. (9)
If i 3, then computations shows that such b’s do not exist. If i = 4, then there are six unordered
possibilities for a row of the adjacency matrix for an orbit of size 125 (in all cases on the diagonal is 2).
{b1, b2, b3, b4} {b5, b6, b7, b8, b9, b10}
{10, 10, 5, 5} {5, 5, 5, 5, 5, 2}
{15, 10, 5, 5} {5, 5, 5, 5, 2, 0}
{15, 15, 5, 5} {5, 5, 5, 2, 0, 0}
{20, 10, 10, 5} {5, 5, 2, 0, 0, 0}
{20, 15, 10, 5} {5, 2, 0, 0, 0, 0}
{20, 15, 15, 5} {2, 0, 0, 0, 0, 0}
According to the table we will say that orbit of type 125 is of type 1, 2, 3, 4, 5 or 6.
By Lemma 10, the trace of an orbit of size 625 is an even integer from {6, 8, 10, 12, 14}. The trace of
X is congruent to 0 mod 60 and every orbit of size 125 has trace equal to 2. Therefore Tr(X) = 60 and
sum of traces of the orbits of size 625 equals 48.
If X contains an orbit of type 1 or 6, then it is impossible to ﬁnd four rows of adjacency matrix
corresponding to orbits of size 625. For type 2, no solution has sum of traces equal to 48. For types 3
and 5, every solution with sum of traces equal to 48 requires another orbit of type 6. Finally, for type
4, every solution with sum of traces equal to 48 requires at least one orbit of another type. 
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9. Mixing the primes
Our goal – speciﬁcation of possible automorphism groups of a Moore (57, 2)-graph of odd order –
is facilitated by two classical results in group theory. By the Odd Order Theorem of Feit and Thompson,
any group X under our consideration is solvable. Thus, by the result of Philip Hall (see [13]), whenever
|X| = ab for relatively prime a and b, X has a subgroup of order a. This enables us to approach the
groups X ‘from below’ in the sense of the number of prime divisors.
The next step in our investigation is considering groups of automorphisms of Γ of non-prime-
power order, in particular, of order paqb for distinct odd primes p, q and for a, b ≥ 1. We recall that a
Sylow p-subgroup of a group X of order pauwith (p, u) = 1 is any subgroup of X of order pa. By Sylow’s
Theorem, the number of Sylow p-subgroups of X is congruent to 1 mod p and divides u.
In what follows let X be an automorphism group of Γ such that |X| = paqb where p, q are distinct
odd primes and a, b ≥ 1. Further, let P and Q be Sylow p- and q-subgroups of X , respectively.
Lemma 25. If P is normal in X , then Q acts on orbits of P. In particular, Q acts as an automorphism group
of Fix(P).
Lemma 26. In the above notation, p 5 or q 5.
Proof. Suppose that p, q ∈ {7, 11, 13, 19}. Recall that, by Sylow’s theorem, the number of distinct Sylow
p-subgroups of a group of order paqb is a power of q congruent to 1 mod p; a similar remark applies to
Sylow q-subgroups. Considering all possibilities listed in Lemma 19 it follows that both P and Q must
be normal in X , that is, X is the direct product of P and Q . Therefore P acts on the set of ﬁxed points
of Q and vice versa. This is clearly possible only if p = 7, q = 19, P ∼=Z7, and |Fix(P)| = 58, which
contradicts Lemma 12. 
Proposition 6. Let p = 3 and q = 5. Then Q  X. Moreover,
(1) if P X , then |Fix(P)| = 10, |Fix(Q)| = 0, and |Q | = 5;
(2) if P X , then |P| = 3 and Q ∈ {Z25,Z35,Z25 · Z5}.
Proof. Since |P| divides 27, normality of Q follows from Sylow’s Theorem.
Now, assume that P X , that is, X = P × Q , and consider a cyclic subgroup Y ≤ X of order 15. Let
P′ and Q ′ be the Sylow subgroups of Y . Then, Fix(P′) is the Petersen graph and is a union of orbits of
Q ′. Similarly, Fix(Q ′) is a union of orbits of P′. As an automorphism of order 5 of the Petersen graph
acts semi-regularly on vertices, we have just two possibilities: either Fix(Q ′) is empty, or Fix(Q ′) is
the Hoffman-Singleton graph and Fix(P′) ⊂ Fix(Q ′). The second possibility, however, cannot occur
because an automorphism of order 3 in the Hoffman-Singleton graph cannot have exactly 10 ﬁxed
points.
If P X , then P acts on Q and the preceding arguments show that this action is faithful. From the
5-groups of order at most 125 onlyZ25,Z
3
5, andZ
2
5 · Z5 have an automorphism of order 3. In addition,
in all three cases the Sylow 3-subgroup of the automorphism group has order 3. 
Proposition 7. Let p = 3 and q > 5. Then q /= 11, Q  X , and P X. If q = 19, then |P| divides 9, and if
q ∈ {7, 13}, then |P| = 3.
Proof. If q /= 13, normality of Q in X follows from Sylow’s Theorem as in the previous proof. As P
contains an element of order 3 ﬁxing a copy of the Petersen graph with automorphism group of order
120, P cannot be normal in X .
If q = 13, then P cannot be normal in X because Fix(P) does not have an automorphism of order
13. If Q  X , then X can only be the extension of Z33 by the automorphism of order 13. In this case,
however, P X – a contradiction.
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Consequently, for any q the group P acts faithfully as a group of automorphisms on Q . If Q = Z27,
then every element of P can be identiﬁed with a 2 × 2 matrix over Z7. If |P| = 9, then P contains a
matrix
(
1 0
0 2
)
which ﬁxes the element (1, 0) ∈ Q . In other words, X contains a cyclic subgroup of
order 21, which is not possible. 
Proposition 8. Let p = 5 and q > 5. Then q ∈ {7, 11} and Q  X. If q = 11, then |P| divides 25. If q = 7,
then P X and |X| = 35.
Proof. Again, Sylow’s Theorem provides normality of Q in X and also normality of P in X if q /= 11.
Therefore, if q /= 11 then X = P × Q .
Let q = 19. As Q ﬁxes exactly one point, Fix(P) is non-empty and has an automorphism of order 19
– a contradiction.
Let q = 13. Since X = P × Q , it contains an element x of order 65. Such an automorphism, however,
cannot exist by Lemma 15.
Let q = 7. By Lemma 19, Fix(Q) is a star and hence Fix(P) is non-empty. Since a pentagon does
not have an automorphism of order 7, Fix(P) must be the Hoffman-Singleton graph and |P| = 5. As a
group of order 49 cannot ﬁx a single vertex in the Hoffman-Singleton graph, we conclude that |Q | = 7
and, by Lemma 15, |Fix(Q)| = 16.
Finally let q = 11. As Q is normal in X , P act as a group of automorphisms of Q . Let P′ be the kernel
of this action. It sufﬁces to show that |P′| divides 5.
First, we show that for any element y ∈ P′ we have Fix(y) = Fix(Q). As y centralizes Q we have
Fix(y) ⊆ Fix(Q). If Fix(y) = ∅, then the group 〈y〉 × Q has on Γ one orbit of size 5 equal to Fix(Q)
and 59 orbits of size 55. As Fix(Q) is a pentagon, exactly one of y and y2 contributes to the orbit Fix(Q).
As other orbits have size 55 we obtain a1(y) /= a1(y2) which is a contradiction with Lemma 11.
Let |P′| > 1. By Lemma13, P′ does not contain an element of order 25. As every nonidentity element
ofP′ hasorder5wehaveFix(P′) = Fix(Q)andP′ acts semi-regularlyonΓ \ Fix(Q). Therefore |P′| = 5.

Remark. The preceding results show that if x is an automorphism of Γ of odd order pq, then x is
covered by Lemma 15. Automorphisms of order 2p, p odd, can be handled by similar arguments in
combination with the results of Makhnev and Paduchikh.
Now we are ready to prove our main results.
Theorem 6. Let Γ be a Moore graph of degree 57 on 3250 vertices and G = Aut(Γ ). If |G| is odd then |G|
divides 19 · 32, 13 · 3, 52 · 11, 72 · 3, 7 · 5, 53 · 3, or 33 · 5.
Proof. If G has at most two prime divisors, then its size lies in the list above. By the facts mentioned
earlier it sufﬁces to show non-existence of G with |G| having three prime divisors. By Propositions 6,
7 and 8 the only possibility for the odd part of G is the direct product of Z5 and Z7 · Z3. However, by
Lemma 15 the element of order 5 in such a group G ﬁxes simultaneously the Hoffman-Singleton graph
and the empty set. 
Finally, applying our methods to possible groups of automorphisms Γ of even order we are able to
improve the earlier results of Makhnev and Paduchikh.
Theorem 7. Let Γ be a Moore graph of degree 57 on 3250 vertices and G = Aut(Γ ). If |G| is even then
|G| divides 11 · 5 · 2, 52 · 2, 33 · 2, or 2p, p ∈ {7, 11, 19}.
Proof. By Theorem2G = Y〈t〉 × X where t is an involution and X and Y have odd order. In their proof,
Makhnev and Paduchikh showed that any automorphism of order 3 in Y ﬁxes exactly one point which
is not possible. By Theorem 5 if Fix(X) is the Hoffman-Singleton graph, then |X| /= 25. Finally, by
Lemma 15 G cannot contain Z55 an d Z22 with common subgroup of order 11 or Z10 and Z35 with
common subgroup of order 5. 
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Corollary 3. LetΓ be aMoore graph of degree 57 on 3250 vertices and G = Aut(Γ ). Then, |G| 375, and
if |G| is even, then |G| 110.
10. Conclusion
By the time of writing this article, progress in the research into symmetries of the Moore (57, 2)-
graph(s) was achieved mostly by studying properties of individual automorphisms. Higman (see [3])
successfully used methods of linear algebra, whereas tools developed by Makhnev and Paduchikh
[10] are of combinatorial and group-theoretical nature. In our investigation we have combined all
the previous methods, enriched by equitable partitions and supported by the use of computers. We
feel that our main contribution lies in studying entire subgroups rather than single automorphisms,
focusing on ways the automorphisms within a subgroup inﬂuence each other.
Thanks toMakhnev and Paduchikh [10] it was sufﬁcient to restrict ourselves to groups of odd order,
the Odd Order Theorem with results of Philip Hall thus enabled us to study possible automorphism
groups of the Moore (57, 2)-graph(s) in terms of the number of prime divisors of their orders. Our
upper bounds on possible orders of p-groups led to the ﬁnding that in groups of order paqb at least
one of the Sylow subgroups is normal. This was the main step towards completion of characterization
of possible orders of automorphism groups of the graph(s). As a matter of fact, with the exception of
110, all possible orders have at most two distinct prime factors.
The choice of the form of presentation of our main results was determined by trying to avoid
unnecessary technical details and preferring compactness of statements. In particular, restrictions on
orders of groups acting on the Moore (57, 2)-graph(s) are not the strongest pieces of information we
are able to derive. Our methods enable one to substantially restrict the values of the functions a0 and
a1, and hence the orbit structure of the actions. For example, from Lemma 15 it follows that there is
no automorphism of order 110.
On the one hand, it is possible that some of the orders listed in our two main theorems could be
excluded by showing non-existence of suitable adjacency matrices for groups of automorphism, as
done for the order 625 in section 8. On the other hand, in the study of possible actions of groups of
order 375 with 10 orbits we found hundreds of matrices satisfying conditions of Lemma 5 which we
were not able to exclude by our techniques. An example of such a matrix is:
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2 5 8 10 6 8 5 6 4 3
5 8 8 3 8 6 8 7 4 0
8 8 6 6 2 4 9 7 3 4
10 3 6 6 8 5 4 10 3 2
6 8 2 8 10 5 8 5 2 3
8 6 4 5 5 12 7 6 2 2
5 8 9 4 8 7 4 8 0 4
6 7 7 10 5 6 8 8 0 0
12 12 9 9 6 6 0 0 2 1
9 0 12 6 9 6 12 0 1 2
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
We therefore think that one of the challenges for future research is to developmethods to deal with
such situations.
For thosebelieving in theexistenceof theMoore (57, 2)-graph(s)Γ , ourmethodspoint at promising
places to look for candidates. Regarding symmetries, the theoretically best possible negative result
would be to show that the automorphism group of Γ is trivial. In the course of our investigation we
discovered a number of conﬁgurations that can appear in Γ . A study of such conﬁgurations could
be of interest for researchers, even for those believing in the non-existence of Γ . Examples of such
conﬁgurations are 15 mutually non-adjacent copies of the Hoffman-Singleton graph, and 11 copies of
the Hoffman-Singleton graph sharing a pentagon.
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